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q-HARDY-BERNDT TYPE SUMS ASSOCIATED WITH
q-GENOCCHI TYPE ZETA AND l-FUNCTIONS
YILMAZ SIMSEK
Abstract. The aim of this paper is to define new generating functions. By
applying the Mellin transformation formula to these generating functions, we
define q-analogue of Genocchi zeta function, q-analogue Hurwitz type Genoc-
chi zeta function, q-analogue Genocchi type l-function and two-variable q-
Genocchi type l-function. Furthermore, we construct new genereting func-
tions of q-Hardy-Berndt type sums and q-Hardy-Berndt type sums attached
to Dirichlet character. We also give some new relations related to q-Hardy-
Berndt type sums and q-Genocchi zeta function as well.
1. Introduction
In [27], we defined generating functions. By using these functions, we constructed
q-Riemann zeta function, q-L-function and q-Dedekind type sum. This sum is
defined by means of the generating function, Yp(h, k; q):
Yp(h, k, q) =
∞∑
m=1
f(− 2mipih
k
, q)− f(2mipih
k
, q)
mp
where h and k are coprime positive integers and p is an odd integer ≥ 1, where
(1.1) f(t, q) =
∞∑
n=1
q−n exp
(
−q−n[n]t
)
, cf. ([23], [27]).
In the remainder of our work, we use exp(x) = ex and χ is a Dirichlet character
of conductor f ∈ Z+, the set of positive integer numbers.
The q-Dedekind type sum is given by[27]:
Theorem 1. Let h and k be positive integers and (h, k) = 1 and assume that p is
an odd integer ≥ 1. We have
Sp(h, k; q) =
p!
(2pii)
p Yp(h, k; q).
By using (1.1), we construct q-analogous of Hardy-Berndt sums s1(h, k) and
s4(h, k). Our aim is to define generating functions of q-analogous of the Hardy-
Berndt type sums S(h, k), s2(h, k), s3(h, k) and s5(h, k). We define
(1.2) F (t, q) =
∞∑
n=1
(−1)nq−n exp
(
−q−n[n]t
)
.
1991 Mathematics Subject Classification. 11F20, 11B68, 11S40, 30B50, 44A05.
Key words and phrases. q-Genocchi zeta, q-L series, q-two-variable l-series, q-Dedekind sums,
Hardy-Berndt sums.
1
2 YILMAZ SIMSEK
Applying the Mellin transformations to the equation (1.2), we define, in Section 3,
q-Genocchi type zeta functions, which implies the classical Genocchi zeta functions.
By applying the Mellin transformation to
F (t, x, q) = F (t, q) exp(−tx),
we define Hurwitz type q-Genocchi zeta functions.
Character analogues of (1.2) is defined by:
(1.3) Fχ(t, q) =
∞∑
n=1
(−1)nχ(n)q−n exp
(
−q−n[n]t
)
.
By applying the Mellin transformations to the equation (1.3), we define q-Genocchi
type l-function. By applying the Mellin transformation to
Fχ(t, x, q) = Fχ(t, q) exp(−tx),
we define two-variable q-Genocchi type l-function. In Section 3, we prove the rela-
tions between q-Genocchi type l-function, two-variable q-Genocchi type l-function
and Hurwitz type q-Genocchi zeta functions.
By using (1.1), (1.2) and (1.3), we prove our main results in Section 4-5. By using
(1.2), qanalogous of the Hardy-Berndt type sums’ S(h, k; q) is defined by means of
the generating function, Y0(h, k; q):
(1.4) Y0(h, k; q) =
∞∑
m=1
F (− (2m−1)ipih2k , q)− F (
(2m−1)ipih
2k , q)
2m− 1
where h and k are coprime positive integers with k ≥ 1.
Theorem 2. Let h and k be denote relatively prime integers with k ≥ 1. If h+ k
is odd, then
(1.5) S(h, k; q) =
4
pii
Y0(h, k; q).
Theorem 2 implies the classical Hardy-Berndt sums S(h, k). The other theorems,
which are related to q-Hardy-Bernd type sums, sj(h, k; q), j = 1, 2, 3, 4, 5, are given
in Section 4-5.
We define the sum Y0,χ(t, q) as follows:
(1.6) Y0,χ(h, k; q) =
∞∑
m=1
Fχ(−
(2m−1)ipih
2k , q)− Fχ(
(2m−1)ipih
2k , q)
2m− 1
,
where h and k are coprime positive integers. Therefore, generalized q-Hardy-Berndt
type sums Sχ(h, k; q), with attached to χ, are given by the following theorem:
Theorem 3. Let h and k be denote relatively prime integers with k ≥ 1. If h+ k
is odd, then
(1.7) Sχ(h, k; q) =
4
pii
Y0,χ(h, k; q).
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2. Definition and Notations
The classical Dedekind sums s(h, k) first arose in the transformation formulae of
the logarithm of the Dedekind eta-function. Similarly, the Hardy-Berndt sums arose
in the transformation formulae of the logarithm of the theta-functions, Logϑn(0, q),
n = 2, 3, 4 cf. ([5], [7], [10], [11], [22]).
Due to Hardy[11] and Berndt[5], the Hardy-Berndt sums are defined by:
S(h, k) =
k−1∑
j=1
(−1)j+1+[
hj
k
],
s1(h, k) =
k∑
j=1
(−1)[
hj
k
]((
j
k
)),
s2(h, k) =
k∑
j=1
(−1)j((
j
k
))((
hj
k
)),
s3(h, k) =
k∑
j=1
(−1)j((
hj
k
)),
s4(h, k) =
k−1∑
j=1
(−1)[
hj
k
],
s5(h, k) =
k∑
j=1
(−1)j+[
hj
k
]((
j
k
)).
Dieter[9] defined Hardy-Berndt sums by means of cotangent function. Goldberg[10]
discovered some three-term and mixed three-term relations for Hardy-Berndt sums.
His proofs are based on Berndt’s transformation formulae for the logarithms of the
classical theta-functions. For an elaboration of this connection and fundamental
properties of Hardy-Berndt sums cf. (see for detail [3], [4], [6], [9], [18], [20], [24]).
Hardy-Berndt sums were represented as infinite trigonometric sums by Berndt
and Goldberg[7] as follows:
Theorem 4. Let h and k denote relatively prime integers with k > 0. If h+ k is
odd, then
(2.1) S(h, k) =
4
pi
∞∑
n=1
tan(pih(2n−1)2k )
2n− 1
,
if h is even and k is odd, then
(2.2) s1(h, k) = −
2
pi
∞∑
n = 1
2n− 1 6≡ 0(mod k)
cot(pih(2n−1)2k )
2n− 1
,
if h is odd and k is even, then
(2.3) s2(h, k) = −
1
2pi
∞∑
n = 1
2n 6≡ 0(modk)
tan(pihn)
k
)
n
,
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if k is odd, then
(2.4) s3(h, k) =
1
pi
∞∑
n=1
tan(pihn
k
)
n
,
if h is odd, then
(2.5) s4(h, k) =
4
pi
∞∑
n=1
cot(pih(2n−1)2k )
2n− 1
,
and if h and k are odd, then
(2.6) s5(h, k) =
2
pi
∞∑
n = 1
2n− 1 6≡ 0(mod k)
tan(pih(2n−1)2k )
2n− 1
.
Observe that if q → 1, then Theorem 2 reduces to (2.1), which are stating in
Section 4 in detail.
In [32], Sitaramachandrarao studied on Hardy-Berndt sums. He proved Reci-
procity Law of these sums and gave the relations between Hardy-Berndt sums and
Dedekind sums. In [28], we defined p-adic Hardy-type sums and p-adic q-higher-
order Hardy-type sums. We gave p-adic continuous functions. By using these
functions and p-adic q-integral, we obtain relations between p-adic q-higher-order
Hardy-type sums, Bernoulli functions and Lambert series.
If q ∈ C, the field of complex numbers, then we assume | q |< 1. We set
[x] = [x : q] =
1− qx
1− q
.
Note that limq→1[x] = x, cf. ([13], [23], [26]).
The Euler numbers En are usually defined by means of of the following generating
function cf. ([16], [14], [19], [30]):
2
exp(t) + 1
=
∞∑
n=0
En
tn
n!
, |t| < pi.
The Genocchi numbers Gn are usually defined by means of of the following gener-
ating function cf. ([16], [14], [17]):
2t
exp(t) + 1
=
∞∑
n=0
Gn
tn
n!
, |t| < pi.
These numbers are classical and important in number theory. In [14], Kim defined
generating function of the q-Genocchi numbers and q-Euler numbers as follows
[2] exp(
t
1− q
)
∞∑
n=0
(−1)n
(1 + qn+1)(1 − q)n
tn
n!
=
∞∑
m=0
Em,q
tm
m!
,
where Em,q is denoted q-Euler numbers.
Gq(t) = [2]t
∞∑
m=0
(−1)nqne[n]t
=
∞∑
m=0
Gm,q
tm
m!
,
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where Gm,q is denoted q-Genocchi numbers.
Genocchi zeta function is defined by cf. ([16], p. 108):
ζG(s) = 2
∞∑
n=1
(−1)n
ns
,
where s ∈ C.
In [17], by using q-Volkenborn Integral, Kim defined generating functions. By
applying this generating function, they constructed q-Genocchi zeta function, the
others q-function. They gave relations between q-Genocchi zeta function and q-
Genocchi numbers. They also defined high order of q-Genocchi zeta function and
q-Genocchi numbers and polynomials.
Kim and Rim[15] defined two-variable L-function. They gave main properties
of this function. In [13], Kim constructed the two-variable p-adic q-L-function
which interpolates the generalized q-Bernoulli polynomials attached to Dirichlet
character. In [29], the author, Kim and Rim constructed the two-variable Dirichlet
q-L-function and the two-variable multiple Dirichlet-type Changhee q-L-function.
We summarize our paper as follows:
In Section 3, we give new generating functions. By applying the Mellin transfor-
mation formula to these generating functions, we will define q-analogue of Genoc-
chi zeta function, q-analogue Hurwitz type Genocchi zeta function, q-analogue l-
function and two-variable q-l-function. In Section 4, by using generating functions
in Section 3, we will construct new generating function which produce q-Hardy-
Berndt type sums. In Section 5, by using generating functions in Section 3, we
will construct new generating function attached to Dirichlet character which pro-
duces q-Hardy-Berndt type sums attached to Dirichlet character. In section 6, we
define new generating functions. By applying Mellin transformation to these func-
tions, we can give some new relations which are related to Riemann zeta functions,
q-Riemann zeta function, q-L-function and q-Genocchi zeta function.
3. q-Genocchi zeta function and l-function
In [21], [23], and [26], the author defined generating functions, which are in-
terpolates twisted Bernoulli numbers and polynomials, twisted Euler numbers and
polynomials. In this section, we give new generating functions which produce q-
Genocchi zeta functions and q-l-series with attached to Dirichlet character. There-
fore, by using these generating functions, we construct new q-analogue of Hardy-
Berndt sums in the next sections. We also give relations between these sums,
q-Genocchi zeta functions and q-l-series.
Remark 1.
ζG(s) =
∞∑
n=1
(−1)n
ns
and
(3.1) ζG(s)Γ(s) =
∫
∞
0
2xs−1
exp(−x) + 1
dx,
where Γ(s) is Euler’s gamma function and
ζG(1− n) = −
Gn
n
, n > 1 cf. ([12], [16], p. 108, Eq. (2.43)).
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In (3.1), due to [16], [34] and [25],
∞∑
n=1
(−1)n
∫
∞
0
xs−1 exp(−nx)dx,
and if q → 1 in (1.2), we have
lim
q→1
2F (t, q) = 2
∞∑
n=1
(−1)n exp(−nt)
=
2
exp(t) + 1
.
According to the definition of Genocchi numbers:
2
exp(t) + 1
=
∞∑
n=0
Gn
tn
n!
, |t| < pi
we get an asymptotic expansion near 0
1
exp(t) + 1
∼
∞∑
k=−1
Gk+1
tk
(k + 1)!
while
1
exp(t) + 1
∼ 0
for t near ∞.
Applying the Mellin transformations to (1.2), we find that
1
Γ(s)
∫
∞
0
ts−1F (t, q)dt
=
1
Γ(s)
∫
∞
0
ts−1
(
∞∑
n=1
(−1)nq−n exp
(
−q−n[n]t
))
dt
=
1
Γ(s)
∞∑
n=1
(−1)nq−n
∫
∞
0
ts−1 exp
(
−q−n[n]t
)
dt
=
1
Γ(s)
∞∑
n=1
(−1)nq−n
(q−n[n])s
∫
∞
0
us−1e−udu
=
∞∑
n=1
(−1)nq−n
(q−n[n])
s = ℑq(s).
The right-hand side of the above converges when Re(s) > 1. By using the above
series, we are now ready to define q-analogue of the Genocchi zeta functions.
Definition 1. Let s ∈ C and Re(s) > 1. q-analogue of the Genocchi type zeta
function expressed by the formula
(3.2) ℑG,q(s) = [2]ℑq(s).
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Remark 2. Observe that when q → 1, (3.2) reduces to ordinary Genocchi zeta
functions (see [16], p. 108). In [8], Cenkci, Can and Kurt defined different type
q-Genocch zeta functions, which is defined as follows
ζ(G)q (s) = q(1 + q)
∞∑
n=1
(−1)n+1qn
[n]s
.
We define q-analogue of the Hurwitz type Genocchi zeta function by means of
the generating function
(3.3) F (t, x, q) = F (t, q) exp(−tx) =
∞∑
n=0
(−1)nq−n exp
(
−
(
q−n[n] + x
)
t
)
.
By applying the Mellin transformations to (3.3), we obtain
1
Γ(s)
∫
∞
0
ts−1F (t, x, q)dt
=
1
Γ(s)
∫
∞
0
ts−1
(
∞∑
n=0
(−1)nq−n exp
(
−
(
q−n[n] + x
)
t
))
dt
=
1
Γ(s)
∞∑
n=0
(−1)nq−n
∫
∞
0
ts−1 exp
(
−
(
q−n[n] + x
)
t
)
dt
=
1
Γ(s)
∞∑
n=0
(−1)nq−n
(q−n[n] + x)
s
∫
∞
0
us−1e−udu
=
∞∑
n=0
(−1)nq−n
(q−n[n] + x)s
= ℑq(s, x).
By using the above equation, we are ready to define q-analogue of the Hurwitz-type
Genocchi zeta functions.
Definition 2. Let s ∈ C and Re(s) > 1 and 0 < x ≤ 1. q-analogue of the Hurwitz-
type Genocchi zeta function expressed by the formula
(3.4) ℑG,q(s, x) := [2]ℑq(s, x).
Remark 3. We give another version of (3.3) as follows:
F (t, x, q) = F (t, q) exp(−t[x]) =
∞∑
n=0
(−1)nq−n exp
(
−
(
q−n[n] + [x]
)
t
)
=
∞∑
n=0
(−1)nq−n exp
(
−q−nt([n] + qn[x]
)
By using well-known the identity
[n+ x] = [n] + qn[x]
we have
F (t, x, q) =
∞∑
n=0
(−1)nq−n exp
(
−q−nt[n+ x]
)
.
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By applying the Mellin transformation to the above generating function, we obtain
1
Γ(s)
∫
∞
0
ts−1F (t, x, q)dt =
∞∑
n=0
(−1)nq−n
(q−n[n] + [x])s
=
∞∑
n=0
(−1)nq−n(1−s)
[n+ x]s
= ℑq(s, x)
Observe that if x = 1, then ℑG,q(s, x) is reduced ℑG,q(s) and if q → 1, then
ℑG,q(s, x) → ℑG(s, x). A function ℑG(s, x) is called a ordinary Hurwitz-type
Genocchi zeta function if ℑG(s, x) is expressed by the formula
ℑ(s, x) := 2
∞∑
n=0
(−1)n
(n+ x)s
,
where s ∈ C, Re(s) > 1 and 0 < x ≤ 1 (see [17]).
By applying the Mellin transformations to the equation (1.3), we obtain
1
Γ(s)
∫
∞
0
ts−1Fχ(t, q)dt
=
1
Γ(s)
∫
∞
0
ts−1
(
∞∑
n=1
(−1)nχ(n)q−n exp
(
−q−n[n]t
))
dt
=
1
Γ(s)
∞∑
n=1
(−1)nχ(n)q−n
∫
∞
0
ts−1 exp
(
−q−n[n]t
)
dt
=
1
Γ(s)
∞∑
n=1
(−1)nχ(n)q−n
(q−n[n])s
∫
∞
0
us−1e−udu
=
∞∑
n=1
(−1)nχ(n)q−n
(q−n[n])
s = lq(s, χ).
Now, by using the above equation, we define q-analogue (Genocchi-type) l-function
as follows:
Definition 3. Let χ be a Dirichlet character. Let s ∈ C and Re(s) > 1. (Genocchi-
type) q-l-function expressed by the formula
(3.5) lG,q(s, χ) = [2]lq(s, χ).
A function lG(s, χ) is called a ordinary Genocchi-type l-function if lG(s, χ) is
expressed by the formula
l(s, x) := 2
∞∑
n=0
(−1)nχ(n)
(n+ x)s
,
where s ∈ C, Re(s) > 1 and 0 < x ≤ 1 [17].
Observe that when χ ≡ 1, (3.5) reduces to (3.2):
lq(s, 1) = ℑq(s).
In [8], Cenkci, Can and Kurt defined Genocch measure. By using this measure
and Volkenborn Integral, they defined different type l-function. This functions
interpolate generalized Genocchi numbers.
Relation between ℑG,q(s, x) and lG,q(s, χ) and is given as follows:
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Theorem 5. Let χ be a Dirichlet character. We have
(3.6) lG,q(s, χ) =
1
[f ]s
f∑
a=1
(−1)aqa(s−1)χ(a)ℑG,qf
(
s,
[a]
[f ]
)
.
Proof. Substituting n = a + mf , where m = 0, 1, 2, 3, ...,∞ and a = 1, ..., f into
(3.5), we obtain
lG,q(s, χ) =
f∑
a=1
(−1)aq−aχ(a)
∞∑
m=0
(−1)mfq−mf
(q−a−mf [a+mf ])s
.
By using [a+mf ] = [m : qf ][f ] + qmf [a] in the above equation, we obtain
lG,q(s, χ) =
f∑
a=1
(−1)aq−aχ(a)
∞∑
m=0
(−1)mfq−mf
(q−a−mf ([m : qf ][f ] + qmf [a]))
s
=
1
[f ]s
f∑
a=1
(−1)aqa(s−1)χ(a)
∞∑
m=0
(−1)mfq−mf(
q−mf [m : qf ] + [a][f ]
)s
By using Eq.(3.4) in the above and after elementary calculations, we easily arrive
at (3.6). 
Now, we define the following generating function
(3.7) Fχ(t, x, q) = Fχ(t, q)e
−tx =
∞∑
n=0
(−1)nχ(n)q−n exp
(
−(q−n[n] + x)t
)
.
By using the Mellin transformations in the above equation, we obtain
1
Γ(s)
∫
∞
0
ts−1Fχ(t, x, q)dt
=
1
Γ(s)
∫
∞
0
ts−1
(
∞∑
n=0
(−1)nχ(n)q−n exp
(
−(q−n[n] + x)t
))
dt
=
1
Γ(s)
∞∑
n=0
(−1)nχ(n)q−n
∫
∞
0
ts−1 exp
(
−(q−n[n] + x)t
)
dt
=
1
Γ(s)
∞∑
n=0
(−1)nχ(n)q−n
(q−n[n] + x)
s
∫
∞
0
us−1e−udu
=
∞∑
n=0
(−1)nχ(n)q−n
(q−n[n] + x)s
= lq(s, x, χ).
By using the above equation, we define the two-variable q-analogue l-function.
Definition 4.
(3.8) lG,q(s, x, χ) = [2]lq(s, x, χ).
Relation between ℑG,q(s, x) and lG,q(s, x, χ) and is given as follows
Theorem 6. Let χ be a Dirichlet character of conductor f . We have
(3.9) lG,q(s, x, χ) =
1
[f ]s
f∑
a=1
(−1)aqa(s−1)χ(a)ℑG,qf
(
s,
[a] + xqa
[f ]
)
.
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Proof. The proof of (3.9) follows precisely along the same lines as that of (3.6), and
so we omit it. 
4. q-Hardy-Berndt type sums
In this section, we establish a general theorem related to the q-Hardy-Berndt
type sums.
Theorem 7. Let h and k be coprime positive integers with h ≥ 1. We have
Y0(h, k; q) = 2i
∞∑
m=1
∞∑
n=1
(−1)nq−n sin( q
−n[n](2m−1)pih
2k )
2m− 1
.
Proof. By using (1.2) and (1.4), we have
Y0(h, k, q) =
∞∑
m=1
1
2m− 1
(
∞∑
n=1
(−1)nq−n exp(
q−n[n](2m− 1)pihi
2k
)
−
∞∑
n=1
(−1)nq−n exp(−
q−n[n](2m− 1)pihi
2k
))
=
∞∑
m=1
1
2m− 1
∞∑
n=1
(−1)nq−n(exp(
q−n[n](2m− 1)pihi
2k
)
− exp(−
q−n[n](2m− 1)pihi
2k
)).
Recalling that 2i sinx = exp(ix)− exp(−ix), we easily complete the proof. 
We are now ready to prove the primary theorems of this section.
Proof of Theorem 2. Applying the generating function (1.4), and using (1.2) and
Theorem 4, Eq. (2.1) and recalling the definition of S(h, k), after some elementary
calculations, we arrive at the desired result. 
Observe that when q → 1 in Theorem 2, then we have
Y0(h, k; 1) =
∞∑
m=1
1
2m− 1
∞∑
n=1
(exp(
q−n[n](2m− 1)pihi
2k
)
− exp(−
q−n[n](2m− 1)pihi
2k
)).
Hence, applying the well-known series
∞∑
m=1
(−1)nxn =
x
x+ 1
in the above equation, we deduce that
Y0(h, k; 1) =
∞∑
m=1
1
2m− 1
(
exp(piih(2m−1)2k )
1 + exp(piih(2m−1)2k )
(4.1)
−
exp(−piih(2m−1)2k )
1 + exp(−piih(2m−1)2k )
).
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We define
(4.2) i tan(xpi) =
exp(2ixpi)
1 + exp(2ixpi)
−
exp(−2ixpi)
1 + exp(−2ixpi)
.
By (1.5), (4.1) and (4.2), we arrive at the following corollary.
Corollary 1. Let h and k be denote relatively prime integers with k ≥ 1. If h+ k
is odd, then we have
S(h, k; 1) =
4
pii
Y0(h, k; 1)
=
4
pii
∞∑
m=1
1
2m− 1
(
exp(piih(2m−1)2k )
1 + exp(piih(2m−1)2k )
−
exp(−piih(2m−1)2k )
1 + exp(−piih(2m−1)2k )
).
Remark 4. The case q → 1, S(h, k, 1) is denoted the classical Hardy-Berndt sums,
which is given (2.1). Generalized Dedekind sums, s(h, k; p) are expressible as infi-
nite series related to certain Lambert series. A representation of s(h, k; p) as infinite
series and trigonometric representation was given by Apostol ([1], [2]). q-Dedekind
type sums given by the author[27].
We now define generating function of q-Hardy-Bernd type sums sj(h, k; q), j =
1, 2, 3, 4, 5. The definition of q-analogous of sj(h, k), j = 1, 2, 3, 4, 5 follow precisely
along the same lines as the definition of the q-analogous of the Dedekind sums,
which was established by the author[27].
q-Hardy-Bernd type sums s1(h, k; q) is defined by means of the generating func-
tion, Y1(h, k; q):
(4.3) Y1(h, k; q) =
∞∑
m = 1
2m− 1 6≡ 0modk
f(− (2m−1)ipih2k , q)− f(
(2m−1)ipih
2k , q)
2m− 1
,
where f(t, q) is defined by (1.1).
By using (4.3), (1.1) and (2.2), we obtain the fallowing theorem.
Theorem 8. Let h and k be denote relatively prime integers with k ≥ 1. If h is
even and k is odd, then
s1(h, k; q) = −
2
pii
Y1(h, k; q).
Corollary 2. Let h and k be denote relatively prime integers with k ≥ 1. If h is
even and k is odd, then
s1(h, k; 1) = −
2
pii
Y1(h, k; 1)
= −
2
pii
∞∑
m = 1
2m− 1 6≡ 0modk
1
2m− 1
(
exp(piih(2m−1)2k )
1− exp(piih(2m−1)2k )
−
exp(−piih(2m−1)2k )
1− exp(−piih(2m−1)2k )
).
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Observe that the case q → 1, s1(h, k; 1) is the classical Hardy-Berndt sums,
which is given (2.2).
By using (1.2), q-Hardy-Berndt type sums’ s2(h, k; q) is defined by means of the
generating function, Y2(h, k; q):
(4.4) Y2(h, k; q) =
∞∑
m = 1
2m 6≡ 0modk
F (−mipih
k
, q)− F (mipih
k
, q)
m
By using (4.4), (1.2) and (2.3), we obtain the fallowing theorem.
Theorem 9. Let h and k be denote relatively prime integers with k ≥ 1. If h is
odd and k is even, then
s2(h, k; q) = −
1
2pii
Y2(h, k; q).
Corollary 3. Let h and k be denote relatively prime integers with k ≥ 1. If h is
odd and k is even, then
s2(h, k; 1) = −
1
2pii
Y2(h, k; 1)
= −
2
pii
∞∑
m = 1
2m 6≡ 0modk
1
m
(
exp(piihm
k
)
1 + exp(piihm
k
)
−
exp(−piihm
k
)
1 + exp(−piihm
k
)
).
Note that if q → 1, then s2(h, k; 1) is denoted the classical Hardy-Berndt sums,
which is given (2.3).
By using (1.2), q-Hardy-Berndt type sums’ s3(h, k; q) is defined by means of the
generating function, Y3(h, k; q):
(4.5) Y3(h, k; q) =
∞∑
m=1
F (−mipih
k
, q)− F (mipih
k
, q)
m
By using (4.5), (1.2) and (2.4), we obtain the fallowing theorem.
Theorem 10. Let h and k be denote relatively prime integers with k ≥ 1. If k is
odd, then
s3(h, k; q) =
1
pii
Y3(h, k; q).
Corollary 4. Let h and k be denote relatively prime integers with k ≥ 1. If k is
odd, then
s3(h, k; 1) =
1
pii
Y3(h, k; 1)
=
1
pii
∞∑
m=1
1
m
(
exp(piihm
k
)
1 + exp(piihm
k
)
−
exp(−piihm
k
)
1 + exp(−piihm
k
)
).
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Observe that the case q → 1, s3(h, k; 1) is denoted the classical Hardy-Berndt
sums, which is given (2.4).
q-Hardy-Bernd type sums s4(h, k; q) is defined by means of the generating func-
tion, Y4(h, k; q):
(4.6) Y4(h, k; q) =
∞∑
m=1
f(− (2m−1)ipih2k , q)− f(
(2m−1)ipih
2k , q)
2m− 1
,
where f(t, q) is defined by (1.1).
By using (4.6), (1.1) and (2.5), we obtain the fallowing theorem.
Theorem 11. Let h and k be denote relatively prime integers with k ≥ 1. If h is
odd, then
s4(h, k; q) =
4
pii
Y4(h, k; q).
Corollary 5. Let h and k be denote relatively prime integers with k ≥ 1. If h is
odd, then
s4(h, k; 1) =
4
pii
Y4(h, k; 1)
=
4
pii
∞∑
m=1
1
2m− 1
(
exp(piih(2m−1)2k )
1− exp(piih(2m−1)2k )
−
exp(−piih(2m−1)2k )
1− exp(−piih(2m−1)2k )
).
Observe that the case q → 1, s4(h, k; 1) is denoted the classical Hardy-Berndt
sums, which is given (2.5).
By using (1.2), q-Hardy-Berndt type sums’ s5(h, k; q) is defined by means of the
generating function, Y5(h, k; q):
(4.7) Y5(h, k; q) =
∞∑
m = 1
2m− 1 6≡ 0modk
F (− (2m−1)ipih2k , q)− F (
(2m−1)ipih
2k , q)
2m− 1
where h and k are coprime positive integers with h ≥ 1.
By using (4.7), (1.2) and (2.6), we obtain the fallowing theorem.
Theorem 12. Let h and k be denote relatively prime integers with k ≥ 1. If h and
k are odd, then
s5(h, k; q) =
2
pii
Y5(h, k; q).
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Corollary 6. Let h and k be denote relatively prime integers with k ≥ 1. If h and
k are odd, then
s5(h, k; 1) =
1
pii
Y5(h, k; 1)
=
2
pii
∞∑
m = 1
2m− 1 6≡ 0modk
1
m
(
exp(piih(2m−1)2k )
1 + exp(piih(2m−1)2k )
−
exp(−piih(2m−1)2k )
1 + exp(−piih(2m−1)2k )
).
Observe that the case q → 1, s5(h, k; 1) is denoted the classical Hardy-Berndt
sums, which is given (2.6).
5. q-Hardy-Berndt type sums attached to Dirichlet character
In this section we define new generating functions which are generalizations of
(1.4), (4.3), (4.4), (4.5), (4.6) and (4.7). By using (1.3) and
(5.1) fχ(t, q) =
∞∑
n=1
χ(n)q−n exp(−qn[n]t), cf. [27]
we establish a general theorems related to q-Hardy-Berndt type sums with attached
to Dirichlet character.
Y0,χ(h, k; q) =
∞∑
m=1
m−p
∞∑
n=1
χ(n)(exp(
q−n[n]piih(2m− 1)
2k
)
− exp(−
q−n[n]piih(2m− 1)
2k
))
= 2i
∞∑
m=1
∞∑
n=1
m−pχ(n)q−n sin(
q−n[n]pih(2m− 1)
2k
).
Thus we arrive at the following theorem:
Theorem 13. Let h and k be denote relatively prime integers with k ≥ 1. If h+ k
is odd, then
Y0,χ(h, k; q) = 2i
∞∑
m=1
∞∑
n=1
m−pχ(n)q−n sin(
q−n[n]pihm
2k
).
Observe that
lim
q→1
Y0,χ(h, k; q) = 2i
∞∑
m=1
∞∑
n=1
m−pχ(n) sin(
pihmn
2k
).
Proof of Theorem 3. The proof of this theorem is similar to that of Theorem 2.
Applying the generating function to the equation (1.6), and using (1.3) and (2.1),
we arrive at the desired result. 
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Remark 5. Observe that when χ ≡ 1, principal character and and q → 1, (1.7)
reduces to (1.5) and S1(h, k; 1) reduces to S(h, k), which is given in (2.1). If χ ≡ 1,
principal character, then Theorem 3 and Theorem 13 reduce to Theorem 2 and
Theorem 7, respectively.
We now define generating function of the generalized q-Hardy-Bernd type sums
sj,χ(h, k; q), j = 1, 2, 3, 4, 5. The definition of q-analogous of sj,χ(h, k), j = 1, 2, 3, 4, 5
follow precisely along the same lines as the definition of the q-Dedekind type sums,
which was established by the author[27]. q-Hardy-Bernd type sums s1,χ(h, k; q) is
defined by means of the generating function, Y1,χ(h, k; q):
(5.2) Y1,χ(h, k; q) =
∞∑
m = 1
2m− 1 6≡ 0modk
fχ(−
(2m−1)ipih
2k , q)− fχ(
(2m−1)ipih
2k , q)
2m− 1
,
where fχ(t, q) is defined by (5.1).
By using (5.2), (5.1) and (2.2), we obtain the fallowing theorem.
Theorem 14. Let h and k be denote relatively prime integers with k ≥ 1. If h is
even and k is odd, then
s1,χ(h, k; q) = −
2
pii
Y1,χ(h, k; q).
Corollary 7. Let h and k be denote relatively prime integers with k ≥ 1. If h is
even and k is odd, then
s1,χ(h, k; 1) = −
2
pii
Y1,χ(h, k, 1)
= −
2
pii
∞∑
m = 1
2m− 1 6≡ 0mod k
∞∑
n=1
χ(n)
2m− 1
(
exp(piih(2m−1)n2k )
1− exp(piih(2m−1)n2k )
−
exp(−piih(2m−1)n2k )
1− exp(−piih(2m−1)n2k )
).
Remark 6. The case χ ≡ 1, principal character and q → 1, s1,1(h, k; 1) is denoted
the classical Hardy-Berndt sums, which is given (2.2). If χ ≡ 1, principal character,
then Theorem 14 reduces to Theorem 8.
By using (1.2), q-Hardy-Berndt type sums’ s2,χ(h, k; q) is defined by means of
the generating function, Y2,χ(h, k; q):
(5.3) Y2,χ(h, k; q) =
∞∑
m = 1
2m 6≡ 0modk
Fχ(−
mipih
k
, q)− Fχ(
mipih
k
, q)
m
By using (5.3), (1.3) and (2.3), we obtain the fallowing theorem.
Theorem 15. Let h and k be denote relatively prime integers with k ≥ 1. If h is
odd and k is even, then
s2,χ(h, k; q) = −
1
2pii
Y2,χ(h, k; q).
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Corollary 8. Let h and k be denote relatively prime integers with k ≥ 1. If h is
odd and k is even, then
s2,χ(h, k; 1) = −
1
2pii
Y2,χ(h, k, 1)
= −
2
pii
∞∑
m = 1
2m 6≡ 0mod k
∞∑
n=1
χ(n)
m
(
exp(piihmn
k
)
1 + exp(piihmn
k
)
−
exp(−piihmn
k
)
1 + exp(−piihmn
k
)
).
Remark 7. The caseχ ≡ 1, principal character and q → 1, s2,1(h, k; 1) is denoted
the classical Hardy-Berndt sums, which is given (2.3). If χ ≡ 1, principal character,
then Theorem 15 reduces to Theorem 9.
By using (1.3), q-Hardy-Berndt type sums’ s3,χ(h, k; q) is defined by means of
the generating function, Y3,χ(h, k; q):
(5.4) Y3,χ(h, k; q) =
∞∑
m=1
Fχ(−
mipih
k
, q)− Fχ(
mipih
k
, q)
m
By using (5.4), (1.3) and (2.4), we obtain the fallowing theorem.
Theorem 16. Let h and k be denote relatively prime integers with k ≥ 1. If k is
odd, then
s3,χ(h, k; q) =
1
pii
Y3,χ(h, k; q).
Corollary 9. Let h and k be denote relatively prime integers with k ≥ 1. If k is
odd, then
s3,χ(h, k; 1) =
1
pii
Y3,χ(h, k; 1)
=
1
pii
∞∑
m=1
∞∑
n=1
χ(n)
m
(
exp(piihmn
k
)
1 + exp(piihmn
k
)
−
exp(−piihmn
k
)
1 + exp(−piihmn
k
)
).
Remark 8. The case χ ≡ 1, principal character and q → 1, s3,1(h, k; 1) is denoted
the classical Hardy-Berndt sums, which is given (2.4). If χ ≡ 1, principal character,
then Theorem 16 reduces to Theorem 10.
q-Hardy-Bernd type sums s4,χ(h, k; q) is defined by means of the generating
function, Y4,χ(h, k, q):
(5.5) Y4,χ(h, k; q) =
∞∑
m=1
fχ(−
(2m−1)ipih
2k , q)− fχ(
(2m−1)ipih
2k , q)
2m− 1
,
where fχ(t, q) is defined by (5.1).
By using (5.5), (5.1) and (2.5), we obtain the fallowing theorem.
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Theorem 17. Let h and k be denote relatively prime integers with k ≥ 1. If h is
odd, then
s4,χ(h, k; q) =
4
pii
Y4,χ(h, k; q).
Corollary 10. Let h and k be denote relatively prime integers with k ≥ 1. If h is
odd, then
s4,χ(h, k; 1) =
4
pii
Y4,χ(h, k; 1)
=
4
pii
∞∑
m=1
∞∑
n=1
χ(n)
2m− 1
(
exp(piihn(2m−1)2k )
1− exp(piihn(2m−1)2k )
−
exp(−piihn(2m−1)2k )
1− exp(−piihn(2m−1)2k )
).
Remark 9. The case χ ≡ 1, principal character and q → 1, s4,1(h, k; 1) is denoted
the classical Hardy-Berndt sums, which is given (2.5). If χ ≡ 1, principal character,
then Theorem 17 reduces to Theorem 11.
By using (1.3), q-Hardy-Berndt type sums’ s5,χ(h, k; q) is defined by means of
the generating function, Y5,χ(h, k; q):
(5.6) Y5,χ(h, k; q) =
∞∑
m = 1
2m− 1 6≡ 0mod k
Fχ(−
(2m−1)ipih
2k , q)− Fχ(
(2m−1)ipih
2k , q)
2m− 1
where h and k are coprime positive integers with h ≥ 1.
By using (5.6), (1.3) and (2.6), we obtain the fallowing theorem.
Theorem 18. Let h and k be denote relatively prime integers with k ≥ 1. If h and
k are odd, then
s5,χ(h, k; q) =
2
pii
Y5,χ(h, k, q).
Corollary 11. Let h and k be denote relatively prime integers with k ≥ 1. If h
and k are odd, then
s5,χ(h, k; 1) =
1
pii
Y5,χ(h, k, 1)
=
2
pii
∞∑
m = 1
2m− 1 6≡ 0modk
∞∑
n=1
χ(n)
2m− 1
(
exp(piihn(2m−1)2k )
1 + exp(piihn(2m−1)2k )
−
exp(−piihn(2m−1)2k )
1 + exp(−piihn(2m−1)2k )
).
Remark 10. The case χ ≡ 1, principal character and q → 1, s5,1(h, k; 1) is denoted
the classical Hardy-Berndt sums, which is given (2.6). If χ ≡ 1, principal character,
then Theorem 18 reduces to Theorem 12.
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6. New generating functions related to the Riemann zeta function,
L-function and Genocchi zeta function
In this section, our goal is to define new generating functions. By applying the
Mellin transformation to these functions, we can give some new relations which
are related to Riemann zeta functions, q-Riemann zeta function, q-L-function and
q-Genocchi zeta function.
We define
(6.1) y0(t, q) =
∞∑
m=1
F (−(2m− 1)it, q)− F ((2m− 1)it, q)
2m− 1
,
where F (t, q) is defined by the relation (1.2).
Theorem 19. We have
1
Γ(s)
∫
∞
0
ts−1y0(t, q)dt = (i)
−s((−1)−s − 1)ℑG,q(s)ζ
∗(s+ 1),
where ℑG,q(s) is the Genocchi zeta functions and
ζ∗(s) :=
∞∑
m=1
1
(2m− 1)s
.
Proof. By applying the Mellin transformation to the equation (6.1) and using (1.2),
we find that
1
Γ(s)
∫
∞
0
ts−1y0(t, q)dt
=
1
Γ(s)
∫
∞
0
ts−1
(
∞∑
m=1
F (−(2m− 1)it, q)− F ((2m− 1)it, q)
2m− 1
)
dt
=
1
Γ(s)
∞∑
m=1
1
2m− 1
(
∞∑
n=1
(−1)nq−n
∫
∞
0
ts−1 exp
(
q−n[n](2m− 1)ti
)
dt
−
∞∑
n=1
(−1)nq−n
∫
∞
0
ts−1 exp
(
−q−n[n](2m− 1)ti
)
dt)
=
1
Γ(s)
∞∑
m=1
(i)−s((−1)−s − 1)
(2m− 1)s+1
(
∞∑
n=1
(−1)nq−n
(q−n[n])s
∫
∞
0
us−1e−udu
)
= (i)−s((−1)−s − 1)
∞∑
m=1
1
(2m− 1)s+1
∞∑
n=1
(−1)nq−n
(q−n[n])s
.
After some elementary calculations, we obtain the desired result. 
Remark 11. In [31], p. 96, Eq. 2.3 (1), Srivastava and Choi defined Riemann
zeta function as follows:
ζ(s) =
{ ∑
∞
m=1 n
−s = 11−2−s
∑
∞
m=1(2m− 1)
−s, Re(s) > 1
(1− 21−s)−1
∑
∞
m=1(−1)
m−1m−s, (Re(s) > 0, s 6= 1.
For Re(s) > 1, by using this definition, relation between ζ∗(s) and ζ(s) is given by
ζ
∗(s) = (1− 2−s)ζ(s).
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In [31], p. 121, Eq. 2.5 (1), They defined Hurwitz-Lerch zeta functions as follows
Φ(z, s, a) :=
∞∑
m=1
zm
(m+ a)s
,
where a ∈ C\Z−0 ; s ∈ C when | z |< 1; Re(s) > 1 when | z |= 1. In [31], p. 339,
Eq. 6.1 (18), They gave the following identity
∞∑
m=1
zm
(2m− 1)s
= (2b)−s
b∑
j=1
Φ(zb, s,
2j − 1
2b
)zj−1.
By substituting Re(s) > 1 when z = 1 into the above identity, we have
ζ∗(s) = (2b)−s
b∑
j=1
Φ(1, s,
2j − 1
2b
)
= (2b)−sζ(s,
2j − 1
2b
),
where ζ(s, x) denotes Hurwitz zeta functions.
We define the following generating function:
(6.2) y1(t, q) =
∞∑
m=1
f(−(2m− 1)it, q)− f((2m− 1)it, q)
2m− 1
,
where f(t, q) is defined by (1.1).
Theorem 20. We have
1
Γ(s)
∫
∞
0
ts−1y1(t, q)dt = (i)
−s((−1)−s − 1)ζq(s)ζ
∗(s+ 1),
where ζq(s) is the q-Riemann zeta function, which is defined in [27].
Proof. By applying the Mellin transformation to the equation (6.2) and using (1.1),
we find that
1
Γ(s)
∫
∞
0
ts−1y1(t, q)dt
=
1
Γ(s)
∫
∞
0
ts−1
(
∞∑
m=1
f(−(2m− 1)it, q)− f((2m− 1)it, q)
2m− 1
)
dt.
The remainder of the proof runs parallel to that of Theorem 19, so we choose to
omit the details involved. 
We define the following generating function:
y2(t, q) =
∞∑
m=1
F (−tmi, q)− F (tmi, q)
m
.
By applying the Mellin transformation to the above function, we arrive at the
following theorem:
Theorem 21. We have
1
Γ(s)
∫
∞
0
ts−1y2(t, q)dt = (i)
−s((−1)−s − 1)ℑG,q(s)ζ(s+ 1),
where ζ(s+ 1) is the Riemann zeta functions.
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Remark 12. Proof of Theorem 21 run parallel to that of Theorem 19, so we choose
to omit the details involved.
We define the following generating function attached to Drichlet character:
(6.3) y0,χ(t, q) =
∞∑
m=1
Fχ(−(2m− 1)it, q)− Fχ((2m− 1)it, q)
2m− 1
,
where Fχ(t, q) is defined by (5.1).
Theorem 22. We have
1
Γ(s)
∫
∞
0
ts−1y0,χ(t, q)dt = (i)
−s((−1)−s − 1)lG,q(s, χ)ζ
∗(s+ 1).
Proof. By applying the Mellin transformation to the equation (6.3) and using (5.1),
we find that
1
Γ(s)
∫
∞
0
ts−1y0,χ(t, q)dt
=
1
Γ(s)
∫
∞
0
ts−1
(
∞∑
m=1
Fχ(−(2m− 1)it, q)− Fχ((2m− 1)it, q)
2m− 1
)
dt
=
1
Γ(s)
∞∑
m=1
1
2m− 1
(
∞∑
n=1
(−1)nχ(n)q−n
∫
∞
0
ts−1 exp
(
q−n[n](2m− 1)ti
)
dt
−
∞∑
n=1
(−1)nχ(n)q−n
∫
∞
0
ts−1 exp
(
−q−n[n](2m− 1)ti
)
dt)
=
1
Γ(s)
∞∑
m=1
(i)−s((−1)−s − 1)
(2m− 1)s+1
(
∞∑
n=1
(−1)nχ(n)q−n
(q−n[n])s
∫
∞
0
us−1e−udu
)
= (i)−s((−1)−s − 1)
∞∑
m=1
1
(2m− 1)s+1
∞∑
n=1
(−1)nχ(n)q−n
(q−n[n])s
.
After some elementary calculations, we obtain the desired result. 
We define the following generating function:
(6.4) y1,χ(t, q) =
∞∑
m=1
fχ(−(2m− 1)it, q)− fχ((2m− 1)it, q)
2m− 1
,
where fχ(t, q) is defined by (5.1).
Theorem 23. We have
1
Γ(s)
∫
∞
0
ts−1y1,χ(t, q)dt = (i)
−s((−1)−s − 1)Lq(s, χ)ζ
∗(s+ 1),
where Lq(s, χ) is the q-L function, which is defined in [27].
Proof. By applying the Mellin transformation to the equation (6.4) and using (5.1),
we find that
1
Γ(s)
∫
∞
0
ts−1y1,χ(t, q)dt
=
1
Γ(s)
∫
∞
0
ts−1
(
∞∑
m=1
fχ(−(2m− 1)it, q)− fχ((2m− 1)it, q)
2m− 1
)
dt.
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The remainder of the proof runs parallel to that of Theorem 22, so we choose to
omit the details involved. 
Remark 13. By setting t = piih
k
, h, k ∈ Z with (h, k) = 1 in (6.1), (6.2), (6.3)
and (6.4), we obtain generating functions in Section 4 and 5, respectively.
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